The paper developed a reasonable and practical method for identifying the useful information from the signal that has been contaminated by noise, so that to provide a feasible tool for vibration analysis. A new concept namely the Singular Entropy (SE) was proposed based on the singular value decomposition technique. With the aid of the SE, a series of investigations were done for discovering the distribution characteristics of noise contaminated and pure signals, and consequently an advanced noise reduction method was developed. The experiments showed that the proposed method was not only applied for dealing with the stationary signals but also applied for dealing with the non-stationary signals. q
Introduction
Affected by the violent background vibration or the strong environmental electromagnetic disturbances, the signals collected from field are often inevitably contaminated by noise. In order to reduce the noise residents in the signals, many methods had been tried, such as time series analysis [1, 2] , wavelet analysis [3 -7] , parameter estimation algorithms [8 -12] , special numerical filters [13 -21] and so on. However, the long-term practice proves that these methods have their own limitations more or less. For example, in order to set up an appropriate mathematical model, not only a large scale of data is required, but also an intensive calculation is often involved in time series analysis. As regard to the wavelet-based de-noising techniques, the selection of wavelet function is crucial for the noise reduction effect. However, up to date, because of the complexity of the real signals in composition, how to select a suitable wavelet function for a special signal is still a knotty problem expected to solve. Parameter estimation algorithms often work well when the value of the Signal to Noise Ratio (SNR) of the inspected signal is high, while it is not competitive any longer when the value of the SNR is low. Due to the influence of noise, it is often difficult to estimate the frequency distribution of a noised signal. This limits the application of numerical filters to a great extent. Additionally, some other approaches have also been tried in recent years [22 -26] . Among them, the singular value decomposition (SVD) based de-noising method is recognised as a competitive one for its simple operation and less calculation.
The SVD technique has been widely used in many fields in recent years, such as acoustics [27] , smart control [28, 29] , electronics [30, 31] , signal processing [22, 23, 32, 33] , mathematics [34, 35] and so on. However, compared to its achievements in above-mentioned fields, the research in noise reduction field has not been done sufficiently. In order to contribute in this field, a new concept namely the Singular Entropy (SE) is proposed in this paper. After investigating the relationship between the SNR of the signal and its SE, an advanced SVD-based noise reduction method was developed consequently. Its effectiveness on noise reduction will be demonstrated by a series of experiments shown in following figures.
Singular entropy
According to the theorem of the SVD, for a real matrix A with the size of m £ n; it always satisfies
where the matrix L is a diagonal matrix and has the size of l £ l: All its diagonal elements l i ði ¼ 1; 2; …; lÞ are nonnegative and arranged in descending order, i.e. l 1 $ l 2 $ · · · $ l l $ 0: These diagonal elements are called the singular values of the matrix A. The practice shows that, the higher the SNR of the inspected signal, the more the number of zero valued diagonal elements will appear in L. This phenomenon reveals the relationship between the matrix L and the SNR of the signal. By investigating the number of zero valued diagonal elements in L, the SNR of the signal can then be estimated approximately. Based on this idea, the SVD-based de-noising technique was developed as in Ref. [22] The raw signal and the noise reduction results generated under different de-noising orders are shown in Fig. 1 . It is clearly seen from Fig. 1 that, compared to the pure signal x 0 ; the distortions take place on the resulted waveforms when the de-noising order is selected to be a smaller value, while much noise still residents in the signal when the order is selected to be a larger one.
In order to select the de-noising order reasonably, a new concept namely the SE is designed. The equation of the SE is
where E k represents the SE at order k; DE i indicates the increment of the SE at order i
Necessary to note that, like other types of information entropy, the SE has a similar significance on describing the information quantity of the signal, i.e. the lager the value of the SE, the more complex the signal is in composition.
Selection of the de-noising order
It has been widely recognized that the information quantity of the signal is mainly determined by the number of frequency components contained in it. In order to investigate the relationship between the SE of the signal and its information quantity, the following researches were performed.
1. The SE of the signals that contain same number of frequency components Assume two simulated signals as
Their time waveforms and the variation tendencies of their SE are shown in Fig. 2 .
From the results shown in Fig. 2 , it is seen that the SE curves of the signals x and y are completely overlapped together though the frequency components contained in them are distinctly different. This implies that the SE of the signals containing same number of frequency components will show same variation tendency. This conclusion has also been confirmed further by more simulated experiments. 2. Relationship between the saturated order of the SE and the number of frequency components contained in pure signal Given the following four simulated pure signals
Their time waveforms and the variation tendencies of the SE are plotted in Fig. 3 . From Fig. 3 , it can be found that the more the number of frequency components contained in the signal, the larger the saturated order of the SE is. Moreover, a definite numerical relation exists between them, i.e.
where k s represents the saturated order at which the information quantity of the signal gets to a saturated state and from which the value of SE will not change any more, N f is the number of frequency components included in the signal. 3. Relationship between the saturated order of the SE and the number of frequency components contained in noise contaminated signal Assume a noise contaminated signal
where f ¼ 50 Hz, a ¼ b ¼ 08; eðtÞ represents the white noise and s indicates the noise level that is in inverse proportion to the SNR of the signal. In order to investigate the relationship between the saturated order of the SE and the number of frequency components contained in noised signal, the SE are calculated under a series of different values of s: The computation results are shown in Fig. 4 . For the convenience of analysis, the increment of the SE, symbolized by DE; is adopted in the figure. It is found from Fig. 4 that, the saturated order k s of the noised signal ðs -0Þ is nearly same as that of the pure signal ðs ¼ 0Þ when the noise level s is very low (e.g. s ¼ 0:25; 0.5), while the value of k s is one order larger than that of the corresponding pure signal when the value of s is high (e.g. s ¼ 1; 2 and 4), i.e.
This is because, as shown in Fig. 5 , the information quantity of white noise signal may reach the saturated state at the first order.
From above experimental results, it can be easily deduced that the de-noising order should be selected to be the saturated order of the SE of the signal. Else, either the distortion of the time waveform of the signal (when the denoising order is smaller than the saturated order of SE) or the insufficient noise reduction (when the de-noising order is larger than the saturated order of SE) will take place. Based on this idea, the advanced SVD-based noise reduction technique was developed in this paper.
The frequency resolution of the advanced SVD-based noise reduction method
It is deduced from formula (7) and (9) that, the number of frequency components contained in signal dominates the saturated order of the SE. Then in return, whether the saturated order of the SE can give a correct estimate of the number of frequency components contained in signal? In order to answer this question, the following simulated experiment is performed
where From the calculation results shown in Fig. 6 , it can be found that in spite of the values of the fundamental frequency f and the sampling frequency f s ; the saturated order of the SE of the signal xðtÞ can be correctly estimated when a $ 0:0009: While when the value of a is smaller than 0.0009, the identification of the saturated order of the SE tends to be difficult and a wrong evaluation may be resulted. From this, it is known that the frequency resolution of the SVD-based de-noising method is 1.8 Hz when the sampling frequency is 2 kHz and 18 Hz when the sampling frequency is 20 kHz. Obviously, the SVD-based noise reduction method has an excellent frequency resolution, that is related to the sampling frequency of the inspected signal.
Noise reduction capability of the SVD-based de-noising method
The cares of this section are to investigate the problem of at how low value of the SNR, the SVD-based method can still distinguish the useful information from the noised signal with a satisfied noise reduction effect. In order to attain this purpose, a simulated signal is designed as follows (9), it is easily known that the saturated Fig. 3 . Signals containing different number of frequency components. order of the SE of the signal xðtÞ should be 5 because there are two frequency components contained in it. Let s be a variable, then when this saturated order cannot be correctly identified any longer from the SE or DE curve, the corresponding value of the SNR is defined as the capability limitation of the proposed method. In the following, the DE curves of xðtÞ under different values of s are calculated and the computation results are shown in Fig. 7 .
From Fig. 7 , it is found that the saturated order of the SE of the signal xðtÞ can be easily identified when s . 10: Then, the capacity limitation of the method could be roughly estimated by using the following equation
where M indicates the number of frequency components contained in the signal. Through formulation (12) , it is known that the capability limitation of the SVD-based denoising method is approximately 0.02. Undoubtedly, such a low value of SNR lim fully proves the strong de-noising capability of the proposed method.
Experiments for noise reduction
In order to verify the effectiveness of the proposed method in practical vibration analysis, the following experiments were performed as essential examples for further confirmations.
Cases for stationary signal
As the rotating machinery has a relatively stable rotating speed when it is running, the vibration signals collected from its rotor are usually regarded as stationary signals. But affected by the violent background vibration or strong electromagnetic disturbances, the signals collected from field are often contaminated by noise. Fig. 8 shows a vibration signal collected from the rotor of an air compressor served in a chemical plant, where the shaft misalignment failure takes place on the rotor system. It is clearly seen that some noises resident in the signal.
In order to reduce the noise in the signal, the DE of the signal is calculated and its curve is plotted in Fig. 8 too. From the curve of DE; it is found that the information quantity of the signal reaches the saturated state at order 4. According to the research conclusions obtained above, it can be deduced that the noise contamination is not serious and there are probably two main frequency components contained in the signal. Therefore, the optimum de-noising order of this signal should be 4. Based on this analysis, the signal is processed and the calculation result is shown in the bottom plot of Fig. 8 . From the noise reduction result, it can be concluded that with the aid of the saturated order of the SE, a wonderful noise reduction effect can be actually obtained.
Cases for non-stationary signals
Different from stationary signals, much more noise and shock signals will possibly be present in non-stationary signals. As an aid of the proposed noise reduction method, the following calculation will be further done on the noisereduced signals in this case so that the insignificant features in the signal could be depressed while the useful features sufficiently bulged. where x 00 ðtÞ is the final result of the noise cancellation, x 0 ðtÞ is the noise-reduced signal generated by the SVD-based denoising method. In this way, the useful information will be magnified while the noise depressed. This improvement is more suitable to be used to distinguish the impulses contained in non-stationary signals. In order to verify the effectiveness of this advanced method, the following tests were performed. Fig. 9(a) shows an acceleration signal collected from a rolling element bearing when an outer race failure happens. Obviously, the raw signal is so confused and not any useful information can be found directly from it.
After calculating the SE and its increment of this signal, it is found from Fig. 9 (b) that the information quantity of the signal approaches to be saturate at order 8, the increment of the information quantity after this order can be regarded as the effect of noise. So select the order 8 as the order for noise cancellation, the noise reduction result obtained under this order is plotted in Fig. 9(a) too. From the noise-reduced signal, the periodic impulses can be easily found though their amplitudes are different from each other. It is no doubt that this result will make the fault diagnosis be much easier than using the raw signal. Another test was done as shown in Fig. 10 , where a ball failure took place in the bearing.
Likewise, the variation tendencies of the SE and its increment DE are calculated and the results are plotted in Fig. 10(b) . According to the DE curve shown in the figure, the order 19 is selected as the order for noise cancellation. The noise reduction result obtained under this order is as shown in Fig. 10(a) . From the result, not only the strong impulsive features are distinguished, but also some weak impulses are also identified successfully.
From above experimental results, it is concluded that, with the aid of the SE and its increment DE; not only the useful information contained in the stationary signals can be easily distinguished, but also the useful information contained in the non-stationary signals can be successfully identified too. 
Conclusions and remarks
In order to develop a more reasonable and practical method for noise reduction, a new concept namely the SE is proposed in this paper. With the aid of the SE, many performances of the SVD-based de-noising method are investigated. Furthermore, a strategy for reasonably determining the optimum de-noising order is developed. Based on this strategy, an advanced SVD-based noise reduction method is proposed. The effectiveness of this advanced method is verified by a series of simulated and practical experiments. From the calculation results and discussions, the following conclusions can be drawn.
1. The determination of the de-noising order is a key link for the SVD-based noise cancellation technique. The saturated order of the SE offers a firm support to this work. 2. The SE of the signals containing same number of frequency components will show the nearly identical variation tendencies. 3. There exists a definite relation between the saturated order of the SE and the number of frequency components contained in the signal, as indicated by Eqs. (7) and (9) . Moreover, when there is same number of frequency components contained, the saturated order of the SE of a seriously noise contaminated signal is larger one order than that of a pure signal or a signal that has not been seriously polluted by noise. This is because, the SE of the white noise can reach the saturated state at the first order. 4. The SVD-based de-noising method has an excellent frequency resolution. This guarantees its wonderful noise reduction effect to a great extent. 5. The SVD-based de-noising method has a strong capability. It can still identify the useful information from a noised signal even though the SNR of the signal is very low. 6. With the aid of the SE and its increment DE; not only the useful information contained in stationary signals can be easily distinguished, but also the useful information contained in non-stationary signals can be successfully identified.
